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The problem of  e igenvalue assignment i n  a l i n e a r  t ime- invar ian t  system 
us ing  output  feedback is  considered.  New s u f f i c i e n t  cond i t ions  are der ived  t o  
a s s i g n  an almost a r b i t r a r y  se t  o f  minimum (n,m + r - 1) d i s t i n c t  e igenvalues  
where n ,  m,  and r are t h e  number of  s ta tes ,  i n p u t s ,  and o u t p u t s ,  respec-  
t i v e l y .  These cond i t ions  p r e c i s e l y  i d e n t i f y , t h e  class of  systems where such an  
assignment is impossible .  The s y n t h e s i s  technique a l s o  h i g h l i g h t s  t h e  freedom 
i n  s e l e c t i o n  of closed-loop e igenvec to r s  under output  feedback. The u t i l i t y  o f  
e igenvalue /e igenvec tor  assignment i n  t r a n s i e n t  response shaping is i l l u s t r a t e d  
by t h e  design of  a c o n t r o l l e r  f o r  t h e  l a te ra l  dynamics of  an a i r c r a f t .  
INTRODUCTION 
Control system design based on eigenvalue o r  po le  assignment has  rece ived  
a g r e a t  d e a l  of  a t t e n t i o n  i n  the  l i t e r a t u r e .  It is w e l l  known t h a t  f o r  a con- 
t r o l l a b l e  system, i f  s t a t e  v a r i a b l e  feedback is employed, a l l  e igenvalues  can be 
assigned ( r e f .  1 ) .  Also i t  is known t h a t  f o r  mul t i - input  systems, t h e  feedback 
l a w  a s s ign ing  a g iven  set  of  e igenvalues  is not  unique and t h a t  d i f f e r e n t  con- 
t r o l  laws can y i e l d  i d e n t i c a l  e igenvalues  while  y i e l d i n g  r a d i c a l l y  d i f f e r e n t  
e igenvec tors .  S ince  t h e  e igenvec to r s  determine t h e  in f luence  of each eigenvalue 
on each s ta te  v a r i a b l e  response ,  f a i l u r e  t o  use the  mul t i - input  design freedom 
f u l l y  may r e s u l t  i n  undes i rab le  mode coupl ing and o t h e r  poor t r a n s i e n t  behavior .  
For n - s t a t e  feedback s y s t e m s ,  it has been shown ( r e f .  2 )  t h a t  with m i n p u t s ,  
i n  a d d i t i o n  t o  the  assignment of  a l l  n e igenvalues ,  up t o  m e n t r i e s  i n  each 
e igenvec tor  can be a r b i t r a r i l y  ass igned .  However, t h e  problem of  e igenvalue 
assignment us ing  output  feedback i n s t e a d  of  s t a t e  feedback has no t  y e t  been com- 
p l e t e l y  reso lved .  The problem o f  determining cond i t ions  under which a l l  e igen-  
va lues  of  a s y s t e m  can be a r b i t r a r i l y  ass igned  t o  a system under output  feedback 
has  been inves t iga t ed  i n  r e fe rences  3 and 4 .  Bounds on t h e  number of  s t a t e s ,  i n  
terms of  number of i n p u t s ,  o u t p u t s ,  c o n t r o l l a b i l i t y ,  and o b s e r v a b i l i t y  i n d i c e s  
are e s t a b l i s h e d  f o r  complete po le  a s s i g n a b i l i t y .  Reference 5 shows t h a t  f o r  a 
system with r ou tpu t s ,  i f  m r  2 n then  t h e  system is pole-ass ignable  provided 
t h e  feedback ga in  elements are allowed t o  be complex numbers. 
7 addres s  t h e  converse problem: g iven  a c o n t r o l l a b l e ,  observable  system, how 
many e igenvalues  can be a r b i t r a r i l y  ass igned t o  t h e  system. I n  g e n e r a l ,  it is 
concluded ( ref .  7 )  t h a t  minimum (n,m + r - 1) e igenvalues  can 'Ialmost1? always 
be assigned t o  the  system us ing  output  feedback. The q u a l i f i c a t i o n  llalmost" was 
in t roduced  t o  cover c l a s s e s  of  systems where such an  assignment is impossible .  
I n  e f fec t ,  t h e  a n a l y s i s  i n  r e fe rence  7 does not  p r e c i s e l y  determine t h e  condi- 
t i o n s  under which ( m  + r - 1) e igenvalues  cannot be ass igned  t o  t h e  system. 
References 6 and 
This  r e p o r t  cons ide r s  t h e  problem of determining t h e  number o f  e igenvalues  
By formula t ing  an e igenvalue /e igenvec tor  a s s ign -  a s s i g n a b l e  t o  a g iven  system. 
ment problem, s u f f i c i e n t  cond i t ions  r equ i r ed  f o r  t h e  assignment o f  minimum 
(n,m + r - 1)  e igenvalues  are der ived .  These cond i t ions  p r e c i s e l y  i d e n t i f y  
the  class o f  systems which can be assigned only d e igenvalues ,  where maximum 
( m , r )  5 d < ( m  + r - 1 ) .  
a lgorichm t o  a s s i g n  ( m  + r - 1) eigenvalues .  I n  a d d i t i o n ,  (r  - 1) e igenvec tors  
can be p a r t i a l l y  ass igned  w i t h ,  a t  most, m e n t r i e s  i n  each vec tor  a r b i t r a r i l y  
chosen. I n  the  event  n > ( m  + r - I ) ,  v a r i o u s  s y n t h e s i s  a l t e r n a t i v e s  t o  s tab i -  
l i z e  the  system are a l s o  i n v e s t i g a t e d  s i n c e  i n  t h i s  case a l l  system e igenvalues  
cannot be ass igned .  The counter  example o f  r e fe rence  7 is used t o  demonstrate 
the  u t i l i t y  of t h e  new s u f f i c i e n t  cond i t ions  i n  i d e n t i f y i n g  systems which cannot  
be assigned ( m  + r - 1) e igenvalues .  F i n a l l y ,  the  advantage of  both eigenvalue 
and e igenvec tor  ass ignments  i n  response shaping is  i l l u s t r a t e d  by designing a 
c o n t r o l l e r  t o  meet the lateral  handl ing q u a l i t i e s  s p e c i f i c a t i o n s  f o r  an aircraft .  
The new formula t ion  permi ts  t h e  development o f  an  
SYMBOLS 
Values are given i n  S I  and U.S. Customary Uni t s .  Calcu la t ions  were made i n  
U.S. Customary Units .  
A system mat r ix  
A E Rnxn n x n real  mat r ix  A 
la teral  a c c e l e r a t i o n ,  m/sec2 ( f t / s e c 2 )  aY 
B i npu t  mat r ix  
C mea s u r e  men t mat r ix  
C measurement vec to r  
E 
D(k) 
d , i , j , k , t  i n d i c e s  
mat r ix  used i n  equat ion (45 )  
matrices def ined  by equat ion  (B4) 
vec to r  def ined  i n  n o t a t i o n  (1) i n  appendix B 
matr ix  def ined by equat ion (9) 
vec to r  defined by s t e p  3 ( a )  o f  appendix B 
mat r ix  def ined by equat ion  (IO) 
vec to r  def ined by s t e p  3 ( a >  o f  appendix B 
matrices used i n  equat ion (23) and der ived  by s u b s t i t u t i n g  equa- 
t i o n  ( 6 )  i n t o  equat ion  (7)  
vec to r  def ined by s t e p  3 ( a )  o f  appendix B 
( index)  th o rde r  i d e n t i t y  mat r ix  
j E {~(k’> j is an element o f  index set A(k)  
K feedback ma t r ix  
Li matrices used i n  equat ion  (23) and der ived by s u b s t i t u t i n g  equa- 
t i o n  ( 6 )  i n t o  equat ion  ( 7 )  
R feedback vec to r  def ined  by equat ion  (17)  
M(k) ,M(k-l , M (  
m number of  i n p u t s  
matrices def ined  by n o t a t i o n  ( 6 )  i n  appendix B 
max maximum va lue  
m i  n minimum va lue  
N matr ix  def ined  by equat ion  (13) 
n number o f  s ta tes  
P mat r ix  used i n  equat ion  ( 4 6 )  and def ined  immediately afterward 
P roll ra te ,  deg/sec 
Q(k-1) ,Q(i) 
Q(0)  
9 feedback vec to r  def ined  by equat ion  (18)  
r number o f  ou tpu t s  
S mat r ix  def ined  by equat ion  ( 8 )  
S vector  def ined immediately p r i o r  t o  equat ion  (20)  
TO,*1 
U i npu t  vec tor  def ined by equat ion ( 2 )  
V modal mat r ix  (mat r ix  of  e igenvec to r s )  
v ( r >  matr ix  used i n  equat ion  (12)  
V , V i  e igenvec to r s  
W vec tor  used i n  equat ion ( 6 ) ;  a p a r t i t i o n  o f  v 
X state vec to r  def ined  by equa t ions  ( 1 )  
x E Rn n x 1 real vec to r  x 
matrices def ined  by equat ion  ( B 3 )  
matr ix  def ined by no ta t ion  (3)  i n  appendix B 
t ransformat ion  matrices def ined  where used  
3 
Y output  vec tor  def ined by equat ions  (1 
Z ( r >  , z ( t )  matrices conta in ing  t h e  v e c t o r s  z i ;  i = 1 t o  r and 1 t o  t ,  
r e s p e c t i v e l y  
z vec to r  used i n  equat ion  ( 6 ) ;  a p a r t i t i o n  o f  v 
B s i d e s l i p ,  deg 
A(  1 , At ( 1 , Ar ( 1 , A( k) 
&a a i l e r o n  angular  d e f l e c t i o n ,  deg 
&k 
&r rudder angular  d e f l e c t i o n ,  deg 
&Xk,&Zk 
set o f  i n d i c e s  def ined  i n  appendix B 
determinant  def ined i n  s t e p  1 of  appendix B 
perturbed q u a n t i t i e s  def ined  i n  s t e p  1 and s t e p  4 of  appendix B,  
r e s p e c t i v e l y  
e vec tor  def ined by n o t a t i o n  ( 6 )  i n  appendix B 
A r  9 %  d iagonal  e igenvalue matrices used i n  equat ions  (12)  and ( B 6 ) ,  
r e s p e c t i v e l y  
X,Xi,Xk eigenvalues  
C , W I  91-12 
‘k scalar def ined by no ta t ion  ( 4 )  i n  appendix B 
@ bank ang le ,  deg 
vec to r s  def ined  by equat ions  (21)  
9 yaw ra te ,  deg/sec 
Supe r sc r ip t s :  
-1 mat r ix  inve r se  
A -  , ,-,* transformed q u a n t i t y  
Upper case l e t t e r s  of  t he  a lphabet  i n d i c a t e  matrices; mat r ix  s u b s c r i p t s  
i n d i c a t e  p a r t i t i o n e d  q u a n t i t i e s .  Dot over a q u a n t i t y  denotes  d e r i v a t i v e  wi th  
r e s p e c t  t o  t i m e .  Prime denotes  t ranspose .  
EIGENVALUE/EIGENVECTOR ASSIGNMENT FORMULATION 
Consider a l i n e a r ,  time i n v a r i a n t ,  m u l t i v a r i a b l e ,  c o n t r o l l a b l e ,  observable  
system 
4 
X = AX + BU 
y = cx 1 
where x E R n ,  u E R m 9  y E R r ,  and B and C are f u l l  rank;  and f o r  a 
t r i v i a l  problem formula t ion ,  assume m , r  > 1 and m , r  < n.  The problem 
f i n d  a c o n t r o l  law o f  the form 
u = Ky 
i n  order  t o  a s s i g n  a r b i t r a r y  e igenvalues  f o r  the  closed-loop system. To 
( 1 )  
non- 
is  t o  
(2 )  
i n d i -  
cate c l e a r l y  t h e  freedom a v a i l a b l e  i n  the  s e l e c t i o n  o f  closed-loop e igenvalues  
and e igenvec to r s  under output  feedback, t h e  measurement mat r ix  C is assumed 
t o  be i n  a s p e c i a l  canonica l  form: 
7 c = [Cl : CZ] 
c1 = [.I; .I 
c2 = [. 1 .I 
c = p  I . . .  1 1  I ( 3 )  
Here, t = r - 1 ,  C1 E R r x t ,  c E R l x n - t ,  and It denotes  a tth order  i d e n t i t y  
mat r ix .  Appendix A d e t a i l s  a procedure f o r  reducing any system ( C , A , B )  t o  t h i s  
s p e c i a l  form . 
The closed-loop system mat r ix  ( A  + BKC) a f t e r  apply ing  feedback l a w  ( 2 )  
sat is  f i e s  
( A  + BKC)vi = Xivi  ( i  = 1 ,  2 ,  . . ., n)  (4) 
where X i  is t h e  i t h  e igenvalue and v i  is the  corresponding e igenvec tor .  The 
e igenvalue /e igenvec tor  assignment problem is  t o  determine t h e  number o f  e igen-  
va lues  i n  equat ion ( 4 )  t h a t  can be a r b i t r a r i l y  ass igned and t o  determine t h e  
freedom a v a i l a b l e  i n  t h e  s e l e c t i o n  o f  t h e  a s s o c i a t e d  e igenvec to r s .  
I n  order  t o  see what freedom e x i s t s  i n  t h e  choice o f  e igenvec to r s ,  write 
equat ion  ( 4 )  i n  p a r t i t i o n e d  form as 
where A11,Bl E Rmxm and B1 is nons ingular .  Since B is f u l l  rank,  t he  non- 
s i n g u l a r i t y  o f  B1 can be a s su red ,  i f  necessary ,  by r eo rde r ing  t h e  state v a r i -  
a b l e s  i n  equat ions  ( 1 ) .  Completing t h e  m u l t i p l i c a t i o n  o f  the p a r t i t i o n e d  
matrices and some algebraic ope ra t ions  (ref. 8) permi ts  equat ion  (5)  t o  be 
expressed as a set  o f  c o n s t r a i n t s  on t h e  s e l e c t i o n  of  e igenvec tors .  For c l a r i t y  
o f  p r e s e n t a t i o n ,  t h e s e  r e l a t i o n s  are d e t a i l e d  only  f o r  real  e igenvalues .  Exten- 
s i o n  t o  complex conjugate  p a i r s  i n  quasi-diagonal  form y i e l d i n g  real e igenvec tor  
p a i r s  is s t r a igh t fo rward  (ref.  8 ) .  
For real eigenvalues  
[XI,_, - F]w = [G + 
[AI + B I K C I V  = XZ 
where is t h e  e igenvalue ,  v '  = [z' : w']; v is t h e  e igenvec tor  with 
z E Rm, and 
S = B2Bl-l 
A1 = [All : A121 
Equation ( 6 )  r e p r e s e n t s  an underdetermined system of  n - m equat ions  i n  
( 6 )  
( 7 )  
( 1 1 )  
n 
unknowns. Thus m e igenvector  e n t r i e s  corresponding t o  the  z-vector can be 
chosen a r b i t r a r i l y  provided does not  co inc ide  with t h e  spectrum o f  F. 
Examination o f  equat ion ( 7 )  r e v e a l s  t h a t  a t  least  r e igenvalues  and r eigen- 
vec to r s  s a t i s f y i n g  equat ion  ( 6 )  can be ass igned  t o  t h e  sys t em i n  equat ions  ( 1 )  
by the  feedback mat r ix  
where A, is t h e  diagonal  matrix of  r e igenvalues  and Z ( r )  and V ( r )  
have t h e  form T ( r )  = [ti : t 2  : . . . : tr] (where ti are v e c t o r s ) .  The 
s o l u t i o n  t o  equat ion (12)  is .guaranteed provided t h e  eigenvalues/eigenvectors 
are chosen t o  i n s u r e  t h e  nons ingu la r i ty  o f  It should be noted t h a t  
i n  t h e  case of  s ta te  v a r i a b l e  feedback ( C  = I ) a l l  n e igenvalues  can be n .  ' assigned t o  t h e  system provided t h e  modal mat r ix  (mat r ix  of  e igenvec to r s )  
V = [VI : v2 : . . . : vn] is  nonsingular .  An a lgor i thm which c o n s t r u c t s  such 
a nonsingular  V is d e t a i l e d  i n  re ference  8 .  A pendix B ex tends  t h i s  algo- 
r i t hm t o  guarantee t h e  nons ingu la r i ty  of  
[dr)].
[CV(r)f.  
Notice t h a t  by ca r ry ing  ou t  t h i s  a n a l y s i s  on t h e  dua l  system ( B 1 , A ' , C ' ) ,  
it can be shown t h a t  m e igenvalues  can be assigned t o  t h e  system. This  analy- 
sis y i e l d s  t h e  fo l lowing  well-known resu l t  (ref. 9 ) .  
6 
Lemma 1 :  For system (C ,A,B) ,  max(m,r) e igenvalues  can be 
assigned us ing  output  feedback. 
The a n a l y s i s  so far i n d i c a t e s  t h a t  only max(m,r) e igenvalues  can be 
assigned t o  t h e  system us ing  output  feedback. However, by s a c r i f i c i n g  some 
degree of freedom i n  the  s e l e c t i o n  o f  t h e  a s s o c i a t e d  e igenvec tors  it is p o s s i b l e  
t o  extend the number of  e igenvalues  t h a t  can be ass igned  t o  
as is shown i n  t h e  fol lowing s e c t i o n .  
min(n,m + r - 1)  
ALGORITHM TO A S S I G N  M I N I M U M  (n,m + r - 1 )  EIGENVALUES 
The basic approach i n  t h e  development o f  t h i s  a lgor i thm is t o  2ons t ruc t  t h e  
output  feedback l a w  i n  equat ion  ( 2 )  as a sum o f  two feedbacks (K + K). 
first feedback (E) a s s i g n s  
a d d i t i o n a l  min(m,n - t) e igenvalues  whi le  ensur ing  t h e  p r o t e c t i o n  of  t he  t 
e igenvalues  a l r eady  ass igned .  The cons t ruc t ion  procedure y i e l d s  a se t  o f  su f -  
f i c i e n t  cond i t ions  f o r  a s s ign ing  min(n,m + r - 1 )  e igenvalues .  These condi- 
t i o n s  a l s o  he lp  c h a r a c t e r i z e  the class o f  systems which cannot be assigned 
min(n,m + r - 1 )  e igenvalues .  F i n a l l y ,  some design freedom st i l l  e x i s t s  t o  
p a r t i a l l y  a s s i g n  ( r  - 1 )  e igenvec to r s .  
The 
t e igenvalues ,  and t h e  second feedback a s s i g n s  
S tep  1 :  
Assign t e igenvalues  and corresponding e igenvec tors  t o  t h e  system i n  
equat ions  ( 1 )  and form t h e  mat r ix  
N =  [.N! ] = [VI : v2 : . . . : V t ]  
N 2  
( 1 3 )  
w i t h  N1 E R t x t  and nonsingular .  Appendix B d e t a i l s  a procedure t o  c o n s t r u c t  
N .  Let K" be t he  nonunique feedback (eq .  ( B 6 ) )  corresponding t o  t h i s  ass ign-  
ment. Then t h e  closed-loop mat r ix  is 
& = A + BffC ( 1 4 )  
S tep  2: 
Apply a coord ina te  t ransformat ion  
(C ,$ ,B)  -+ (CT?  , T ~ - I ~ T ,  , T ~ - ~ B >  
where 
7 
The transformed system has  the form 
_I (16) 
where At E R t X t  is the  d iagonal  mat r ix  of e igenvalues  ass igned  i n  s t e p  1 .  It 
should be noted t h a t  C2 is i n v a r i a n t  under t h e  t ransformat ion  TI. 
Step  3: 
I n  o rde r  t o  a s s i g n  a d d i t i o n a l  e igenvalues  t o  the system o f  equat ions  (162 
while  p r o t e c t i n g  
is r e s t r i c t e d  t o  be o f  u n i t y  rank o f  the form K = qRc wi th  q E Rm, R E R r ,  
and is chosen so t h a t  
t e igenvalues  (A,) a l r eady  a s s igned ,  t he  second feedback (K) 
R ' P 1  : c2] = [o : c] (17)  
Now q must be chosen so t h a t  
is ass igned  min(m,n - t )  e igenvalues .  
Since ( i 2 2  ,g2) is c o n t r o l l a b l e ,  the fo l lowing  r e s u l t  holds:  
/ . 4  
Theorem 1: 
ass igned min(m,n - t )  e igenvalues  i f  and only i f  (a )  (c,A22) 
is observable  and ( b )  62 is f u l l  rank.  
The s i n g l e  output  subsystem (c,A22,B2) can be ~ 
Theorem 1 fol lows d i r e c t l y  from lemma 1 .  F u r t h e r ,  cond i t ions  ( a )  and ( b )  
restrict t h e  admiss ib le  set  o f  e igenvalue /e igenvec tor  assignments i n  s t e p  1 .  
For conceptual  convenience,  these paramet r ic  r e s t r i c t i o n s  are formulated i n  
terms o f  c o n t r o l l a b i l i t y  cond i t ions  of  a f i c t i t i o u s  dynamic system i n  t h e  s ta te  
v a r i a b l e  r ep resen ta t ion .  
After matr;x ope ra t ions  i n  equat ions  (14) and (16) have been performed, 
t h e  submatrix A22 can be w r i t t e n  as 
8 
Equation (20)  can now be  looked upon as a system matr ix  der ived by apply ing  
feedback t o  t h e  dynamic system 
i = Ai25 + Ai21-11 + c'1-12 
(21 1 
n = $5 + Bi1-11 1 
with 6 E Rn-t, q E Rm, 1-11 E R t ,  1-12 E R ' ,  1-11 = f i&,  1-12 = s l q ,  and 
N2 = -N2N1'1. 
From equat ions  (21)  it can be shown t h a t  cond i t ions  (a )_and (b )  of theorem 1 
are equ iva len t  t o  t h e  fo l lowing  condi t ions :  ( c )  & = B2 + N2B1 and is f u l l  
rank;  ( d )  [[A22 + A { ~ G ; ] , C ~  is c o n t r o l l a b l e .  Conditions ( c )  and ( d )  c l e a r l y  
i n d i c a t e  the  r e s t r i c t i o n  on s e l e c t i o n  of  t h e  eigenvector  parameters i n  
s t e p  1 .  This  y i e l d s  t h e  fo l lowing  s u f f i c i e n t  cond i t ions :  
Theorem 2:  The s y s t e m  ( C , A , B )  can be assigned 
min(n,m + r - 1 )  e igenvalues  a r b i t r a r i l y  c l o s e  t o  t h e  
des i r ed  set  i f  t h e  first t e igenvalues  and e igenvec tors  
i n  s t e p  1 are chosen s o  t h a t  
I N1 is nonsingular  
nl 
I1 62 = B2 + N2B1 and is f u l l  rank 
I11 { [A;2 + A i & ]  ,c l}  is  c o n t r o l l a b l e  
" A r b i t r a r i l y  c loser1  i n  theorem 2 i n d i c a t e s  t h a t  s l i g h t  p e r t u r b a t i o n s  i n  
e igenvalue s p e c i f i c a t i o n s  may be needed i n  t h e  fol lowing s i t u a t i o n s :  
( i) Assigned e igenvalues  co inc ide  with the  spectrum of  F (appendix B ) .  
(ii) An exac t  combination o f  e igenvalue /e igenvec tor  s p e c i f i c a t i o n s  i n  
s t e p  1 may not y i e l d  a nonsingular  N1 (appendix B ) .  
(iii) Coincident spectrum s i t u a t i o n  similar t o  s i t u a t i o n  (i) e x i s t s  f o r  
t h e  subsystem eigenvalue assignment o f  theorem 1 .  
Condition I is requ i r ed  t o  guarantee  t h e  ex i s t ence  o f  t h e  t ransformat ion  
T I  i n  s t e p  2 .  This  cond i t ion  can be e x p l i c i t l y  included i n  t h e  s y n t h e s i s  pro- 
cedure as d e t a i l e d  i n  appendix B. Condition I11 is obtained from t h e  proper ty  
t h a t  f o r  system ( e q s .  (2111, t h e  class of feedback from i n p u t  1-11 should be 
r e s t r i c t e d  so t h a t  t h e  c o n t r o l l a b i l i t y  of  t h e  feedback system with r e s p e c t  t o  
t h e  i n p u t  1-12 is preserved.  Conditions I1 and I11 y i e l d  nonlinear_ a l g e b r a i c  
c o n s t r a i n t s  for t h e  elements  of  t h e  e igenvec tor  parameter matrix and t h u s ,  
i n  g e n e r a l ,  can only be used as t e s t  cond i t ions  f o r  each assignment i n  s t e p  1 .  
However, example 1 o f  t h e  s e c t i o n  e n t i t l e d  llNumerical Examples1! shows how t h e s e  
cond i t ions  can be e x p l i c i t l y  checked. 
N2 
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Step  4: 
If theorem 2 holgs ,  Amin(m,n - t)  e igenvalues  can be ass igned  t o  t h e  s i n -  
gle  output  system (c,A22,B2) by the  feedback q der ived  from lemma 1 .  
S t ep  5: 
The composite feedback l a w  
u = (i? + i ) y  (22) 
a s s i g n s  min(n,m + r - 1) e igenvalues  t o  the  system. 
ASSIGNING n EIGENVALUES 
The development so far has revea led  tha t  f o r  systems where n > ( m  + r - l ) ,  
a l l  system e igenvalues  cannot u s u a l l y  be ass igned .  However, by us ing  equa- 
t i o n s  ( 6 )  and (7 ) ,  it is p o s s i b l e  t o  de r ive  cond i t ions  f o r  a s s ign ing  a l l  e igen-  
va lues  of  t h e  system as fo l lows .  
If the e igenvalues  t o  be assigned are noncoincident  w i t h  the  spectrum o f  
F ( i f  necessary ,  by a p e r t u r b a t i o n  i n  s p e c i f i c a t i o n ) ,  then equat ion  ( 6 )  can be 
e x p l i c i t l y  solved fo r  t he  w-vector and s u b s t i t u t e d  i n t o  equat ion  ( 7 ) .  T h i s  sub- 
s t i t u t i o n  y i e l d s  a se t  o f  homogeneous equat ions  o f  t h e  form 
[ H i  + B KL- 2-i = 0 (i = 1 ,  2, . . ., n)  (23) 1 11 
where H i  and L i  are r e a d i l y  der ived .  Then equat ion  (23) has  a n o n t r i v i a l  
s o l u t i o n  i f  and only i f  
rank [ H i  + BlKLi] < m f o r  a l l  i (24) 
A se t  o f  n nonl inear  equat ions  i n  the  m , r  parameters  o f  the  ga in  
mat r ix  K can be der ived  by s e t t i n g  t h e  appropr i a t e  determinant  i n  equat ion  (24) 
equa l  t o  zero .  However, no g e n e r a l  conclus ions  can be  drawn regard ing  t h e  ex i s -  
tence  of  t h e  s o l u t i o n .  
An a l t e r n a t i v e  approach not  involv ing  s o l u t i o n  of nonl inear  equat ions  is t o  
a s s i g n  t e igenvalues  as i n  equat ion  (14) and t o  a t tempt  t o  a s s i g n  t h e  remain- 
i ng  ( n  - t)  e igenvalues  approximately t o  t h e  subsystem i n  equat ion  (18) us ing  
the  cond i t ion  i n  equat ion  (24). I n  t h i s  case, a s e t  o f  (n  - t)  l i n e a r  equat ions  
i n  m unknowns r e s u l t s ,  and a leas t - squares  s o l u t i o n  can be obtained.  The 
foregoing  d i scuss ions  assume t h a t  r 2 m i f  necessary by cons ider ing  t h e  dua l  
system. 
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Consider t h e  
- 
A =  
B =  
- c =  
1 
0 
Reduce t h e  system 
NUMERICAL EXAMPLES 
Example 1 












0 0  
0 1  O L  
O 0, 
O 1 0  O 1  - 
1 
(25) t o  t h e  s p e c i a l  form of  equa t ions  ( 1 )  by o rde r ing  s t a t e  - 
v a r i a b l e s  as ( X J , X ~ , X ~ , X ~ )  t o  make 
i n g  t h e  coord ina te  t r ans fo rma t ion  (C,A,B) + (ET0 ,To-lZTo ,To-IG) where 
sa- nonsingular  (appendix A) and by apply- 
0 0 1 0  : : : :  0 0 0 1  (26 )  
11 
t o  y i e l d  
A =  
B =  
c =  
0 0 1  
0 0 0  
0 0 0  
0 0 0  
1 
0 
0 0  
1 1  O 1  1 
, 
From equat ion ( 6 )  
where the  eigenvalue 
can be shown t h a t  the closed-loop e igenvec tors  s a t i s f y  
is X and the  eigenvector  is 
- 
of  g e n e r a l i t x .  Then, N2 = 
choices  o f  N2 since B i  = 
/ 
From theorem 2 ,  cond i t ion  I, n1 # 0;  t h e r e f o r e ,  choose n1 = 1 without  l o s s  
( 4 2  -9 -n4) I .  Condition I1 is met f o r  all 
0. Condition I11 imp l i e s  t h a t  
0 0 
11-12 -n3 -n4 
0 0 l! 
should be c o n t r o l l a b l e .  For the  c o n t r o l l a b i l i t y  mat r ix  i n  equat ion (30)  t o  be 
o f  f u l l  rank,  t h e  e igenvec tor  parameters i n  equat ion  (28)  m u s t  s a t i s f y  
n2n3 - n4 + n32 + n3n4 # o 
By d i r e c t  s u b s t i t u t i o n  equat ion  (31) is seen t o  be v i o l a t e d  by a l l  admis- 
s i b l e  s e l e c t i o n s  i n  equat ion ( 2 8 ) .  
( m  + r - 1) = 3 e igenvalues .  Indeed, only two e igenvalues  can be ass igned  t o  
(31 1 
Thus, t h e  system cannot be  ass igned  
12 
t h i s  system ( re f .  7 ) .  However, t he  prev ious  ana lyses  (refs.  3 and 7 )  do not  
p r e c i s e l y  lead t o  t h i s  conclusion.  
Example 2 









It is  requi red  t o  a s s ign  e igenvalues  c l o s e  t o  - 1 ,  -2, and -5. The system (32)  
can be reduced t o  t h e  form of equa t ions  ( 1 )  by fo l lowing  t h e  procedure i n  appen- 
d i x  A as 
Step  1 :  Measurement mat r ix  is  i n  t h e  des i r ed  form wi th  ea nons ingular .  
S tep  2: Apply coord ina te  t ransformat ion  
( C , A , B )  + ~ C T ~ , T ~ - ~ ~ T ~ , T ~ - ~ B ~  
where 
1 0 0  
0 1 1  
0 0 1  
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y i e l d i n g  
A =  
B =  
c =  
1 1  
0 1  
0 0  
"1  
1 
0 1 1  
O "1 / 
The system (34) is i n  t h e  requi red  canonica l  form o f  equat ions  ( I ) .  The closed-  
loop e igenvec tor  c o n s t r a i n t s  i n  equat ions  (34)  can be der ived by i d e n t i f y i n g  t h e  
r e s p e c t i v e  matrices i n  equat ions  (8 )  t o  (10) as 
0 
-1 
B1 = [; 
s = ( 1  -1) 
F = O  
G = ( 0  -1) 
and equat ion (6) y i e l d s  
> can be 
x w  = [A : -(1 + A)] 1.": .1 
L z 2  1 
Equation (35) i n d i c a t e s  t h a t  z1 and 
(35) 
r b i t r a r i l y  chosen, provided 
X # 0 .  
t h e  fol lowing s y n t h e s i s  sequence. 
S tep  1 :  
Now, applying t h e  a lgor i thm t o  a s s i g n  ( m  + r - 1 )  e igenvalues  y i e l d s  
Assign A = -1. From appendix B ,  case 11, A t ( 1 )  = {l}, and t h i s  imp l i e s  
z1 # 0 i n  equat ion  (35). (Condit ion I, theorem 2.) One acceptab le  assignment 
is 
14 





. . . .  
-1 -1 
0 1 - 
and a nonunique feedback gain corresponding to this assignment from equa- 
tion (B6) is 
The closed-loop system matrix of equation (14)  is 
Step 2: 
Transform the system to the canonical form of equations (16) using 
TI 
to yield 
1 . 0  
. . . .  
1 . 1  
1 . 0  
0 -1 1 
OI - -1 . 0 
. . . . . . . 
0 . - 1  0 
0 .  0 0 
e = [ ;  ; ;j 
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From equat ions  (21) we can form t h e  dynamic system 
wi th  
S ince  feedback from I-rl does not  affect t h e  c o n t r o l l a b i l i t y  of system ( 4 1 )  
wi th  r e s p e c t  t o  ~ 2 ,  t h e  subsystem is po le  a s s ignab le  from cond i t ion  I11 o f  
theorem 2 .  
is nonsingular .  Thus theorem 2 holds .  
Fu r the r ,  t h e  assignment i n  s t e p  1 satisfies condi t ion  I1 s i n c e  82 
S tep  3: 
Choose R' = (-2 1) .  T h i s  choi2e p r o t e c t s  X = -1 ass igned  i n  s t e p  1 .  
It now remains t o  choose q so t h a t  K = qR' a s s i g n s  t h e  eigenvalues  X2 = -2 
and A3 = -5. 
S tep  4: 
Assign A2 = -2, A3 = -5 t o  t h e  s i n g l e  output  subsystem i n  equat ion  (18) 
where 




Step  5: 
The feedback l a w  o f  t h e  form o f  equat ion  (22)  is  given by 
and a s s i g n s  t h e  e igenvalues  -1, -2, and -5 t o  t h e  system ( e q .  ( 3 2 ) ) .  
AIRCRAFT LATERAL, CONTROL DESIGN 
The advantage of  combined c o n t r o l  of  closed-loop e igenvalues  and eigenvec- 
t o r s  using s ta te  v a r i a b l e  feedback has  been i n v e s t i g a t e d  i n  r e fe rence  IO. The 
u t i l i t y  of  t h e  output  feedback ex tens ions  developed i n  t h i s  r e p o r t  w i l l  now be  
i l l u s t r a t e d  through the  des ign  o f  a l a t e r a l  c o n t r o l l e r  f o r  an a i r c ra f t .  
The l i n e a r  p e r t u r b a t i o n  model f o r  t h e  l a t e ra l  motions o f  an a i r c r a f t  can 
be  modeled as 
1 j :  = Ax + Bu y = Ex + Du (45)  
where x i s  the  s t a t e  vec to r  o f  r o l l  rate p ,  yaw r a t e  9, s i d e s l i p  6, and 
bank angle  0, r e s p e c t i v e l y .  The c o n t r o l  vec tor  of  a i l e r o n  6, and rudder  
6, angular  d e f l e c t i o n s  is u.  Rol l  rate p ,  yaw rate Q, and l a t e ra l  accelera- 
t i o n  ay c o n s t i t u t e  t h e  output  vec to r  y .  A l l  ang le s  are i n  degrees, rates i n  
deg/sec, and a c c e l e r a t i o n  i n  m/sec2 ( f t / sec2) .  
The r e s p e c t i v e  matrices i n  equa t ions  (45)  f o r  a f i g h t e r  aircraft  a t  an a l t i -  
tude  of 6096 m (20 000 f t ) ,  a Mach number of 0.67, and an ang le  of  a t t a c k  of 



























the  matr-ces are approx-aated t o  two s i g n i f i c a n t  d i g  ts. 
vector  i n  equat ions  (45)  is der ived  as a l i n e a r  combina- S ince  t h e  output  ' 
t i o n  of both state v a r i a b l e s  and c o n t r o l  i n p u t s ,  t h e  closed-loop system after 
applying feedback u = K*y t akes  t h e  form 
x = (si + BKC)X + GPu 
(46 )  
y = (e + ~ K ( ? ) x  + DPu 
where P = [Im - K*D]-' and K = PK* is t h e  equ iva len t  ou tput  feedback matrix 
obtained by s e t t i n g  = 0. Thus, t he  a lgor i thms developed ear l ier  f o r  systems 
with 5 = 0 
P ex i s t s .  
are a p p l i c a b l e  t o  systems o f  t h e  form of  equat ions  (451, provided 
Then t h e  feedback ga in  K* is  computed by us ing  t h e  r e l a t i o n  
K* = K[Ik + fiK1-l (47) 
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Direct mat r ix  manipulat ions show t h a t  t h e  i n v e r s e  i n  equat ion (47) e x i s t s  i f  P 
e x i s t s .  
The handl ing q u a l i t i e s  s p e c i f i c a t i o n s  ( ref .  1 1 )  imply t h a t  the  la teral  air- 
c ra f t  dynamics should be composed of  two weakly coupled subsystems. Ro l l  rate 
and bank ang le  c o n s t i t u t e  t h e  first subsystem and d i sp lay  predominantly t he  roll 
subsidence and s p i r a l  modes. The second subsystem is  cha rac t e r i zed  by a w e l l -  
damped Dutch r o l l  mode de f in ing  the  yaw rate and s i d e s l i p  motions. These spec i -  
f i c a t i o n s  can now be formulated as an e igenvalue /e igenvec tor  assignment problem. 
Table I summarizes t h e  modal characterist ics of  t h e  free aircraft .  From 
the  table it is seen t h a t  t h e  Dutch roll mode is very l i g h t l y  damped and appears  
dominantly i n  the response o f  t he  roll v a r i a b l e s  p and 9 as evidenced by 
dominant e n t r i e s  i n  t h e  corresponding e igenvec tor  p a i r .  Thus, the  eigenvalue/  
e igenvec tor  modi f ica t ion  r e q u i r e s  that  t h e  closed-loop system have t h e  modes 
and mode-variable a s s o c i a t i o n s  of  table  11. ( I n  tables I t o  111, j = n. 







Rol l  subsidence 
Dutch roll 
S p i r a l  
Eigenvalue o f  - 
-3.70 










TABLE 11.- DESIRED MODAL SPECIFICATIONS 
Eigenvalue 
-6 









The output  feedback a n a l y s i s  i n  the  main text  shows tha t  a l l  system eigen- 
va lues  can be ass igned  s i n c e  n = m + r - 1 and only  two e igenvec tors  ( t )  can 
be assigned wi th  a t  most two ( m )  e n t r i e s  i n  each vec to r  a r b i t r a r i l y  chosen. The 
e igenvec tor  freedom a v a i l a b l e  was used t o  c o n t r o l  t h e  s t r u c t u r e  o f  t he  eigenvec- 
t o r  p a i r  corresponding t o  the Dutch r o l l  mode t o  effect  the  des i r ed  yaw rate 
and s i d e s l i p  dominance. The modal coupl ing matrices D ( k )  (eq.  (B4)) a i d  i n  
t h e  s e l e c t i o n  o f  the  Dutch roll mode t o  y i e l d  t h e  appropr i a t e  e igenvec tor  forms. 
The f o u r  e igenvec tor  e n t r i e s  t h a t  were f r e e l y  chosen corresponded t o  t h e  roll 
rate and yaw rate components of  the  real e igenvec tor  p a i r  a s soc ia t ed  w i t h  the  
Dutch roll mode. S ince  ga in  magnitude c o n s t r a i n t s  cannot be e x p l i c i t l y  inc luded  
i n t o  the  s y n t h e s i s  a lgor i thm,  the  design parameters have t o  be i t e r a t i v e l y  modi- 
f i e d  t o  meet ga in  l i m i t  requirements .  After some design i t e r a t i o n s ,  a compro- 
mise design y ie lded  the modal characterist ics summarized i n  table  111. For 
example, Z t  was noted t h a t  t h e  Dutch roll mode damping could not  be reduced ( t o  
improve $ and B responses)  without  v i o l a t i n g  feedback ga in  l i m i t s  which were 
set  a t  u n i t y  f o r  t h i s  a n a l y s i s .  K* 
(eq.  (47 ) )  as 
The design y ie lded  a feedback ga in  mat r ix  
-. 165 
1-0.16 0.19 -0.6 1 
-.05 .05 
I. 




Eigenvalue of - 
-6 




-1.0 + j0.20 
(Dutcg roll) 
0.01 0.02 
35 - 53 
.25 .72 
-0.01 1 





- .  
Table I11 i l l u s t r a t e s  t h a t  t h e  closed-loop e igenvec tors  have approached 
the  d e s i r e d  mode-decoupled s t r u c t u r e .  I n  p a r t i c u l a r ,  t he  des i r ed  modi f ica t ion  
achieved i n  the e igenvec tor  p a i r  corresponding t o  t h e  Dutch roll mode should be 
noted. The improvement i n  t r a n s i e n t  response c h a r a c t e r i s t i c s  us ing  t h e  feedback 
c o n t r o l l e r  is  i l l u s t r a t e d  i n  f i g u r e  1 .  The response curves demonstrate t h a t  t h e  
c ros s  coupl ing between t h e  roll a x i s  ( p , @ )  and yaw a x i s  (Q,B) has been s i g n i f i -  
c a n t l y  reduced. 
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CONCLUDING REMARKS 
New s u f f i c i e n t  cond i t ions  t o  a s s i g n  minimum (n,m + r - 1 )  e igenvalues  by 
means o f  ou tput  feedback have been der ived .  I n  g e n e r a l ,  i n  a d d i t i o n  t o  t h e  
assignment o f  minimum (n,m + r - 1) e igenvalues ,  (r  - 1) e igenvec to r s  can b e  
p a r t i a l l y  ass igned with a t  most 
The u t i l i t y  o f  a s s ign ing  both e igenvalues  and e igenvec to r s  f o r  response modifi-  
c a t i o n  is i l l u s t r a t e d  by designing a feedback c o n t r o l l e r  f o r  t he  l a t e ra l  dynam- 
ics  o f  an a i r c r a f t .  
involves  only the  s o l u t i o n  o f  a l i n e a r  system o f  equat ions .  
m e n t r i e s  i n  each vec tor  a r b i t r a r i l y  chosen. 
The s y n t h e s i s  a lgor i thm is  computat ional ly  s imple and 
Langley Research Center 
Nat ional  Aeronaut ics  and Space Adminis t ra t ion 
Hampton, VA 23665 
December 19, 1977 
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APPENDIX A 
REDUCTION OF (C,A,B) TO CANONICAL FORM 
Consider t h e  given system o f  the  form 
. -  
y = ez 
Step  1 :  
( A I  
Reorder the s ta te  v a r i a b l e s  ( i f  necessary)  s o  t h a t  the  measurement mat r ix  C 
is o f  the form 
- 
[ca : cb] (A21 
where Ea E RrXr and nonsingular .  It should be noted t h a t  t h e  dimensions 
o f  the  p a r t i t i o n e d  matrices i n  equat ion  ( A 2 1  are d i f f e r e n t  from those  i n  
equat ions  ( 3  1 . 
Step  2: 
Apply a coord ina te  t ransformat ion  
- x = TOX 
where 
l o  1n-r J 
and e, E Rrxn-r and Es = with  c as def ined  i n  equat ions  ( 3 ) .  The 
transformed system 
i 
has t h e  des i r ed  form of  equat ions  ( I ) .  
22 
APPENDIX B 
EIGENVALUEVEIGENVECTOR SELECTION PROCEDURE 
For completeness o f  p r e s e n t a t i o n ,  an e x i s t i n g  a lgor i thm (ref.  8)  developed 
f o r  e igenvalue /e igenvec tor  assignment us ing  state v a r i a b l e  feedback is  d e t a i l e d  
i n  t h i s  appendix.  Extensions are made t o  adopt  the a lgor i thm for t h e  output  
feedback cases d iscussed  i n  t h e  main t e x t .  
SPECTRAL SYNTHESIS ALGORITHM 
A direct  way of  cons t ruc t ing  a nonsingular  modal mat r ix  is  t o  gene ra t e  t h e  
e igenvec tors  which s a t i s f y  equat ion ( 6 )  s e q u e n t i a l l y  and i n s u r e  t h a t  they do 
not  l i e  i n  t h e  eigenspace generated by the  vec to r s  a l r eady  synthes ized .  The 
a lgor i thm presented accomplishes t h i s  cons t ruc t ion  whi le  cons t an t ly  t e s t i n g  t o  
i n s u r e  t h a t  t h e  set  of e igenvec to r s  i s  a l i n e a r l y  independent set t o  a degree 
determined by a numerical  t o l e rance  parameter set by t h e  des igner .  For c l a r i t y  
o f  p r e s e n t a t i o n  the a lgor i thm is d e t a i l e d  f o r  real  eigenvalue assignments.  The 
fol lowing n o t a t i o n s  are used throughout the  a lgor i thm p resen ta t ion :  
( 1 )  
equa l  t o  zero.  
( 2 )  v; [z; : w;] is t h e  k t h  e igenvec to r ,  where Z k  is designer  
( 3 )  V k ( k - l )  = Q(k- l )Vk,  where Q ( O )  = In and Q ( i ) ,  i # 0 ,  is def ined i n  
( 4 )  V -  (k-1) is the  j t h  e n t r y  of  Vk(k-l)  and f o r  convenience o f  nota- 
( 5 )  A ( 1 )  is the  set  of  i n d i c e s  ( 1 ,  2 ,  . . ., n ) .  
( 6 )  M ( k ) ,  an elementary upper t r i a n g u l a r  mat r ix  of  o rde r  n and index 1 ,  
e j  is an n-vector with j t h  e n t r y  equal  t o  1 and a l l  o the r  e n t r i e s  
s p e c i f i e d .  
( 7 )  which fo l lows .  
Jk t i o n  is denoted O k .  
takes the  form 
where A ( k )  is a subse t  o f  A ( 1 )  (def ined  i n  ( 5 ) )  con ta in ing  t h e  i n d i c e s  not 
a l r eady  used i n  t h e  cons t ruc t ion  o f  t h e  matrices 
M ( k )  can be cons t ruc ted  i f  and only i f  Ok # 0 ( r e f .  8 ) .  
M ( l ) ,  M ( 2 ) ,  . . . , M(k-1). 
(7 )  Q(k-1) = M(k-1) , ~ ( k - 2 )  , - .  - 9  M ( 1 )  (B3)  
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The a lgo r i thm is now accomplished by complet ing s t e p s  1 t o  4 f o r  
k 1 ,  2 ,  . . ., n and by computing t h e  feedback g a i n s  from equat ron  (12) 
using C = In. 
S tep  1: 
??Or A = Ak, COmpvte 6, = d e t  [Akin-, - F] 
( a )  i f  6k = 0, p e r t u r b  Ak t o  [Ak + &Ak] and r e p e a t  t h e  calculat ion of 
6k* 
( b )  i f  6k f 0 ,  proceed t o  s t e p  2 .  
S t ep  2: 
Compute 
S tep  3: 
For some j E {A(k)}, 
( a )  Compute [gj‘k)]’ = f j (k -1 )  + hj(k- l  )D(k) where [ f j ( k - l )  : h j ( k - l ) ]  
is t h e  j t h  row of t h e  t ransformat ion  mat r ix  Q ( k - l ) -  9 g j  ( k )  E Rm and 
h . ( k - l )  E Rlx(n-m). 
J 
(b )  Compute 
(i) if ak  # 0, compute w = D(k)zk and ~ ( k )  (from eq.  (B2)) and 
(ii) if ak  = 0, select  another  j E { ~ ( k ’ >  and r e t u r n  t o  s t e p  3 (a ) .  
r e t u r n  t o  s t e p  1 f o r  t h e  next  value of k .  
(iii) i f  a k  = o f o r  a l l  j E { ~ ( k ’ > ,  go t o  s t e p  4 .  
S t ep  4: 
For some j E {A(k’>, 
( a )  if g j ( k )  2 0, p e r t u r b  
(b)  if g j ( k )  = 0 ,  select  another  j E and r e t u r n  t o  s t e p  4 ( a ) .  
( c )  if , j ( k )  o f o r  a l l  j E { ~ ( k i ) ,  p e r t u r b  Ak t o  (Xk + EAk) and 
Zk t o  (Zk + &zk) t o  make ak # 0, compute 
Wk and M ( k ) ,  and r e t u r n  t o  Step 1 f o r  t h e  next  va lue  of k .  
r e t u r n  t o  s t e p  1 .  
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The fol lowing observa t ions  can be made regard ing  t h e  a lgo r i thm as o u t l i n e d .  
( i) Extension of  t h e  a lgor i thm t o  a s s i g n  complex e igenvalues  is s t r a i g h t -  
forward ( r e f .  8 ) .  
(ii) If some o f  t h e  e igenvalues  o f  A coinc ide  wi th  those  o f  F,  e i t h e r  
a pe r tu rba t ion  can be made i n  t h e  eigenvalue s p e c i f i c a t i o n  as i n  s t e p  1, or  
special  e igenvec tor  s t r u c t u r e s  can be der ived by no t ing  t h a t  equat ion  ( 6 )  has  
a s o l u t i o n  f o r  z i  = 0 ( r e f .  8 ) .  
(iii) The i t e r a t i v e  procedure i n  p a r t  ii of s t e p  3(b)  a t t empt s  t o  meet 
exac.t e igenvalue/eigenvector  s p e c i f i c a t i o n s .  I n  s t e p  4(b)  an at tempt  is made 
t o  meet exac t  xk s p e c i f i c a t i o n s  with s l i g h t l y  re laxed  Zk s p e c i f i c a t i o n s .  
The test i n  s t e p  4 ( c )  i n d i c a t e s  t h a t  t he  xk s p e c i f i c a t i o n  implied t h a t  t h e  
corresponding Vk l i es  i n  t h e  eigenspace a l r eady  genera ted .  The test t h u s  
demands an eigenvalue pe r tu rba t ion .  
( i v )  The ak provide a good measure of  t h e  l i n e a r  independence between 
e igenvec to r s ,  i f  a l l  v e c t o r s  are normalized t o  a s tandard  b a s i s .  Since t h e  
determinant  of  t h e  modal mat r ix  V is  given by t h e  product  o f  t h e  ak, 
(k 1,  2 ,  . . ., n ) ,  t he  numerical  ill condi t ion ing  of  V f o r  invers ion  can 
be e f f e c t i v e l y  con t ro l l ed  by s e t t i n g  a to l e rance  on t h e  a k .  
OUTPUT FEEDBACK EXTENSIONS 
Since  t h e  d i s t r i b u t i o n  mat r ix  C is a l r eady  i n  t h e  s p e c i a l  canonica l  form, 
gene ra t ing  l i n e a r l y  independent vec to r s  t o  guarantee  ex i s t ence  of  feedback 
ma t r i ces  i n  equat ions  (12) and ( 1 4 )  is  simply achieved by r e s t r i c t i n g  t h e  admis- 
s i b l e  p i v o t a l  i n d i c e s  A ( k )  
fo l lows .  
( eq .  (B2))  i n  the  s p e c t r a l  s y n t h e s i s  a lgor i thm as 
Case I: Computing E, Equation (12)  
I n  equat ion  ( 5 ) ,  l e t  A r ( l )  be t h e  set  of  r column i n d i c e s  correspond- 
ing  t o  the  r l i n e a r l y  independent columns of  C ( I r ) .  Then apply t h e  spec- 
t r a l  s y n t h e s i s  a lgor i thm us ing  i n s t e a d  o f  A ( 1 )  ( n o t a t i o n  ( 5 ) )  f o r  
k 1 ,  2 ,  . . . , r .  This  a p p l i c a t i o n  guarantees  t h e  i n v e r t i b i l i t y  o f  C V ( r )  
i n  equat ion  ( 1 2 ) .  
Case 11: Computing E, Equation ( 1 4 )  
I n  equat ion  (51,  l e t  A t ( 1 )  be t h e  set  of t column i n d i c e s  no t  conta in-  
i y l ; h e  vec tor  c ( eqs .  ( 3 ) ) .  Then apply the  s p e c t r a l  s y n t h e s i s  a lgor i thm us ing  
At. i n s t e a d  o f  A ( 1 )  ( n o t a t i o n  
t i o n  guarantees  the  nons ingu la r i ty  
case CN is rank t ,  t h e  feedback 
re l a  t i on 
ECN = Bl-I[Z(t)At .- AlN] 
( 5 ) )  f o r  k = 1,  2 ,  . . ., t .  This  app l i ca -  
of N1 l e q .  ( 1 3 ) ) .  F u r t h e r ,  s i n c e  i n  t h i s  
mat r ix  K (eq .  ( 1 4 1 1 ,  computed us ing  t h e  
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t o  a s s i g n  t Zigenvalues ,  is not  unique. However, a minimum norm l eas t - squa res  
s o l u t i o n  for K can be computed us ing  the  pseudo i n v e r s e  of  CN. 
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Figure 1.- Comparison o f  f ree  a i rcraf t  and augmented a i rc raf t  response t o  roll 
rate and s i d e s l i p  s t e p  d is turbances .  
and B corresponds t o  augmented a i rcraf t  response.  
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(b) f3(0) = IOo. 
Figure  1.- Concluded. 
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